We explore new IR phenomena and dualities, arising for product groups, in the context of N = 1 supersymmetric gauge theories. The RG running of the multiple couplings can radically affect each other. For example, an otherwise IR interacting coupling can be driven to be instead IR free by an arbitrarily small, but non-zero, initial value of another coupling.
Introduction
Asymptotically free gauge theories have various possible IR phases, one being the the "non-Abelian Coulomb phase," which is an interacting conformal field theory RG fixed point, where all beta functions vanish. A classic example is N = 1 SU (N c ) SQCD with N f massless flavors, which flows to a SCFT in the IR for N f within the Seiberg superconformal window [1] 3 2 N c < N f < 3N c . For N f ≤ 3 2 N c , the theory is instead in a free magnetic SU (N c − N f ) phase in the IR. (See e.g. [2] for a review and references.)
Our prejudice is that the interacting SCFT phase is rather generic for asymptotically free SUSY gauge theories with enough massless matter to avoid dynamical superpotentials, i.e. with massless matter representation R such that T (G) < T (R) < 3T (G), with T (R) the quadratic Casimir of R and T (G) that of the adjoint. The theory at the origin is then either a non-trivial free field solution of 't Hooft anomaly matching (as in the free magnetic phase) or an interacting SCFT. Unfortunately, unless one has a conjectured dual description 1 , there is no simple test for directly determining if the IR phase is a SCFT or (fully or partially) IR free magnetic.
There is an essentially endless landscape of possible RG fixed point SCFTs to explore, coming from various gauge groups, including product groups, and matter representations.
Here we'll consider examples with product gauge groups, e.g. the theory gauge group: SU (N c ) × SU (N ′ c ) matter:
(1.1)
We'll be interested in when this theory flows to an (either fully or partially) interacting SCFT and when various dualities apply, e.g. dualizing one gauge group with the other treated as a spectator. We'll also be interested in the superconformal window for a duality proposed in [5] , for the above theory deformed by superpotential W A 2k+1 = Tr(X X) k+1 .
With multiple couplings, e.g. the two gauge couplings of (1.1), the RG running of one coupling can radically affect that of the other, possibly driving it into another basin of attraction. For example, as depicted in fig. 1 , there can be saddle point IR fixed points (A) and (B) when one or the other coupling is tuned to precisely zero, but which are unstable 1 Even with a non-trivial free field solution of 't Hooft anomaly matching, e.g. as in the example of [3] , there's the possibility that the matching is a fluke, and that the theory actually flows to an interacting SCFT after all, as was argued to be the case for another example in [4] .
to any perturbation in the other coupling: the generic RG flows then end up at point (C) in the IR, with both g * and g ′ * nonzero. Another possibility, shown in fig. 2 , is that g ′ is interacting in the IR only if g = 0, but that any arbitrarily small, nonzero, g would eventually overwhelm g ′ , and drive g ′ to be IR irrelevant, g ′ → 0 in the IR; generic RG flows then end up at point (A), with g ′ * = 0. Fig. 3 depicts an opposite situation, where an otherwise IR free coupling g ′ is driven to be interacting in the IR by the coupling g. The plop. B is a saddlepoint. C is stable, and there both A is stable, and there g ′ groups are interacting is driven to be IR free. With an additional superpotential, as is present if we dualize one of the factors in (1.1), the phenomenon of fig. 3 is also realized.
We'll focus here on supersymmetric theories, such as (1.1) with N = 1 supersymmetry, where some exact results can be obtained. However, we expect the phenomena of figs. 1 and 2 to occur even in non-supersymmetric G × G ′ gauge theories, with matter in mixed G × G ′ representations, at least when the matter content is chosen such that each group is just barely asymptotically free. There can then be RG fixed points in the perturbative regime, as can be seen by considering the beta functions to two loops: terms come from the matter in mixed representations; see e.g. [6] . Choosing the matter content to be such that the groups are barely asymptotically free, i.e. such 2 ) in (1.2) are positive and not especially small (e.g. in large N c ); this allows for RG fixed points to exist at relatively small values of the fixed point coupling, so that this argument for the RG fixed point's existence could be qualitatively reliable.
In particular, to two loops, we find zeros of the beta functions (1.2) at three points:
, and point (C), at
For point (C) to actually exist, the values of α * and α ′ * in (1.3) must be positive. It is found that the determinant denominator in (1.3) is generally positive, so the positivity condition for RG fixed point (C) to exist is thus
to have g * = 0 and g ′ * = 0.
(1.4)
These inequalities may or may not hold, depending on the choice of matter content. The intuition for these inequalities is that each gauge coupling makes the other less interacting in the IR (via the c 2 or c ′ 2 terms), so there can only be a RG fixed point (C), with both interacting, if the couplings flow in balance: if either flows too much faster than the other, it can drive the other to be IR free. For example, if the matter content is such that fig. 2 , with the G dynamics overwhelming the We don ′ t find examples of A and B both IR perturbations, the theory flows to stable to perturbations. Would ′ ve required a C, with both couplings interacting.
separatrix between domains of attraction.
We can go beyond the above perturbative analysis in N = 1 supersymmetric theories, where exact results can be obtained via the NSVZ [7] beta functions. For a general N = 1 G × G ′ gauge theory, with matter chiral superfield in representations ⊕ i (r i , r ′ i ), these are
(1.5)
In the NSVZ scheme,
, while in other schemes these factors are replaced with other functions of the coupling [8] , such that f = 1 + O(g 2 );
these scheme-dependent prefactors are unimportant for our discussion, except for the fact that they should be strictly positive in our range of coupling constants.
The last equality in each line of (1.5) involves Tr GGR, which is the coefficient of the U (1) R ABJ triangle anomaly, with two external G gluons. This uses the fact that supersymmetry relates the dilatation current to a U (1) R current, with the exact scaling dimensions of chiral fields related to their U (1) R charges:
When the theory is conformally invariant, this U (1) R is conserved, and part of the superconformal group SU (2, 2|1). When the theory is not conformally invariant, e.g.
along the RG flow from the UV to the IR, supersymmetry still relates the stress tensor to an R-current, whose charges run with the anomalous dimensions according to (1.6) , and whose anomaly is related to the beta function according to (1.5) . Among all possible R-symmetries, the superconformal R-symmetry is that which locally maximizes a trial (R) ≡ 3TrR 3 − TrR [9] . This method for determining the superconformal R-charges is referred to as "a-maximization," because the value of a trial at its unique local maximum equals the conformal anomaly coefficient a of the SCFT [10, 11] (we rescale a by a conventional factor of 3/32). An extension of a-maximization [12] , further explored in [13, 8] , has been proposed for determining the running R-charges, along the RG flow from the UV to the IR. See e.g. [14] [15] [16] [17] [18] [19] [20] [21] for further applications and extensions of a-maximization.
For our particular example (1.1), the exact beta functions (1.5) are
where
are the one-loop beta functions. We'll take both groups to be asymptotically free, i.e. take g = g ′ = 0 to be UV attractive:
so that g = g ′ = 0 is IR repulsive, as in figs. 1 and 2. To have the theory flow to a SCFT in the IR, rather than dynamically generating a vev, from a dynamically generated superpotential or quantum moduli space constraint, we also require
Assuming that (1.8) and (1.9) hold, much as in the above perturbative analysis, we identify three possible RG fixed points:
, and γ Q ′ = 0.
(1.10)
, and
For point (A), we used the fact that there is an enhanced flavor symmetry which ensures that γ X = γ Q when g ′ = 0, and that Q ′ is a free field for g ′ = 0, so γ Q ′ = 0. Analogous considerations apply for RG fixed point (B). Seiberg duality [1] shows that (A) and (B)
are actually interacting SCFTs only if 13) respectively; otherwise (A) or (B) should be replaced with its free magnetic Seiberg dual.
Our interest here is in the possible RG fixed point (C). We'll discuss when it exists as an interacting SCFT. We'll find, for example, that (1.13) is modified, once the RG flow of both couplings is taken into account: the otherwise free magnetic dual can be driven interacting by the other gauge coupling, as depicted in fig. 3 .
Let us first discuss some simple necessary, though not sufficient, conditions for (C) to exist -at least within the domain of attraction of flows to the IR from the asymptotically free UV fixed point at zero couplings -by determining when the RG flow is as in fig. 1 , or as in fig. 2 , with one of the couplings driven IR free. (Our discussion here is essentially identical to one that already appeared in [22] for a chiral example similar to (1.1), having the field X but not X.) As in fig. 5 
with the second contribution from γ X at (A), so g ′ is an IR irrelevant perturbation of (A) if b
Similarly, g will be an irrelevant perturbation of (B) if Tr SU (N c ) 2 R| B < 0, which gives (B) is IR attractive, with g → 0, if
The two inequalities in (1.14) and (1.15) are mutually incompatible, so we do not find the situation of fig. 6 . The condition for RG fixed point (C) to exist (within the domain of attraction of the UV fixed point) is that neither (1.14) nor (1.15) holds, i.e. we have a flow as in fig. 1 only if When RG fixed point (C) does exist, the three independent anomalous dimensions, γ Q , γ Q ′ , and γ X are under-constrained by the two constraints of (1.12), so a-maximization [9] is required to determine the exact anomalous dimensions of chiral operators at (C).
When the RG fixed point is not at sufficiently strong coupling for there to be accidental symmetries, the a-maximization result can be written as 17) with λ G and λ G ′ determined by the two conditions in (1.12), for the two beta functions (1.7) to vanish. This way of writing the a-maximization result is motivated by the extension of a-maximization due to Kutasov [12, 13, 8] , where the interaction constraints on the superconformal R-charges, e.g. that the ABJ anomalies should vanish, are imposed with Lagrange multipliers. The conjecture is that the Lagrange multipliers can be interpreted as the running coupling constants along the flow to the RG fixed point. In particular, the claim is that (1.17) gives the running anomalous dimensions along the entire RG flow, from g = g ′ = 0 in the UV to the RG fixed point (C) in the IR, with λ G = g 2 |G|/2π 2 and
2 the running couplings in some scheme.
This analysis needs to be supplemented when there are accidental symmetries [14] , and we'll find that many accidental symmetries do arise in these theories for general
. a-maximization with many accidental symmetries is best left to a computer (we used Mathematica), and then it's simpler to do the a-maximization at the RG fixed point, imposing the constraints at the outset rather than with Lagrange multipliers.
We simplify the analysis by considering the limit of large numbers of flavors and colors, for arbitrary fixed values of the ratios, which for the example (1.1) are
In this limit, the operator scaling dimensions then only depend on these ratios. Depending on (x, x ′ , n), a variety of accidental symmetries associated with gauge invariant operators hitting the unitarity bound are found to occur, and their effect on the a-maximization analysis [14] is accounted for in our numerical algorithm.
As a function of the parameters (x, x ′ , n), the theory either flows in the IR to a fully interacting RG fixed point, or can be partially or fully free. Our motivation for considering the examples (1.1) is that they have various possible dualities, and the a-maximization results can give insight into when they're applicable. For example, we could Seiberg dualize [1] one of the groups in (1.1), treating the other as a weakly gauged spectator.
As we'll discuss, there is a range of (x, x ′ , n) for which this dual theory realizes the RG flow possibility of fig. 3 : an arbitrarily small non-zero coupling of the "spectator" group can drive an otherwise free magnetic group to be interacting in the IR. This also occurs in an example discussed in [19] , which appeared during the course of the present work.
Knowing the exact dimensions of chiral operators, we can classify the relevant superpotential deformations of (C). In particular, we can now determine the "superconformal window" range of validity of a duality proposed in [5] for the theory (1.1) with added superpotential interaction W A 2k+1 = Tr(X X) k+1 . The dual [5] has gauge group to determine this subspace of (x, x ′ , n) parameter space, as a function of k. For large k, we find that this subspace is necessarily close to the x ≈ x ′ slice, i.e. N c ≈ N ′ c . The outline of this paper is as follows. In sect. 2 we briefly review a-maximization, and apply it to determine the superconformal R-charges for the SU (N c )×SU (N ′ c ) example (1.1). We find that there are accidental symmetries arising from gauge invariant operators hitting the unitarity bound ∆ ≥ 1, and use the procedure of [14] to take these into account during a-maximization. We especially consider the parameter slice
, and general n. In this slice and limit, R(X) → 0. We account for the many accidental symmetries, associated with generalized mesons hitting their unitarity bound, in this limit (and numerically check that no baryon operators hit the unitarity bound.) As we discuss, if we set n ≡ N ′ f /N f = 1, our results should -and indeed do -coincide with those of [14] .
In sect. 3 we consider the theory (1.1) deformed by the superpotential W A 2k+1 = Tr(X X) k+1 , and the dual description of [5] of that theory. We use a-maximization to determine the exact chiral operator dimensions in the dual of [5] . Combining these results with those of sect. 2, we can determine the superconformal window region of (x, x ′ , n)
parameter space, for any given value of k, within which the W A 2k+1 superpotential of both the electric theory (1.1) and its dual are both relevant. For large k, the superconformal window is necessarily close to the parameter slice x ≈ x ′ . We check numerically that, for all k, there is always a non-empty superconformal window region of parameter space in which the duality of [5] is applicable.
In sect. 4 we consider Seiberg dualizing [1] one of the groups in (1.1), treating the other gauge group as a spectator. We'll discuss analogs A, B, and C of the possible RG fixed points in fig. 1 , when they exist, and when they're IR stable to perturbations. We find that there is a range of the parameters (1.18) (x, x ′ , n) where an otherwise IR free magnetic gauge group is driven to be interacting for any non-zero gauge coupling of the "spectator" group. This is the phenomenon depicted in fig In Sect. 5 we briefly conclude, and present a topic for further research.
In the Appendix, we note that all of the many duality examples of [5] have a non-zero superconformal window. The theories in [5] with a single gauge group (either SU (N c ), SO(N c ), or Sp(N c )) and matter in a two-index representation (e.g. adjoint, symmetric, or antisymmetric) are shown in the large N c limit to all have the same superconformal R-charges, and superconformal window, as that of SU (N c ) with an adjoint; we can directly borrow the results obtained in [14] , with the central charge differing from that of [14] by just a fixed overall multiplicative factor. We also note that all of the other examples in [5] , involving product groups, all also have superconformal R-charges and superconformal window that reduce to those obtained in [14] for a 1d slice of their parameter space, when we take all of the group ranks equal and all numbers of flavors equal (e.g. taking x = x ′ and n = 1 in (1.18)). This suffices to show that all of the duality examples of [5] indeed have a non-empty superconformal window.
a-maximization analysis for the SU
The superconformal U (1) R symmetry is uniquely determined by the condition that it maximizes a trial (R) = 3TrR 3 − TrR among all possible R-symmetries [9] . The constraints on the superconformal R-symmetry, e.g. that it's ABJ anomaly free, can either be implemented at the outset, before maximizing a(R) w.r.t. R, or via Lagrange multipliers λ [12] . a-maximization with the Lagrange multipliers yields simple general expressions for the R-charges of the fields R i (λ), with the conjectured interpretation of giving the running R-charges along the RG flow to the RG fixed point [12, 13, 8] .
For example, for a general N = 1 supersymmetric G × G ′ gauge theory, with zero superpotential, we determine the running R-charges by maximizing with respect to the R i a(λ, R) = 3TrR
holding fixed the Lagrange multipliers λ G and λ G ′ , which enforce the constraints that
This yields:
where we used γ i = 3R i − 2 for the anomalous dimensions. The conjecture is that these expressions can be interpreted as giving the anomalous dimensions along the entire RG flow, with
2 in some scheme. For the example (1.1)
this gives the result (1.17). As in [12] , using (2.2) in (2.1) yields a monotonically decreasing a-function a(λ) = a(λ, R(λ)) along the RG flow. The values of λ * G and λ * G ′ at the IR fixed point are the extremal values of a(λ); since a(λ)'s gradients are proportional to the exact beta functions [12, 13, 8] , this is equivalent to the conditions that the anomalous dimensions (1.17) yield zeros of the beta functions (1.5).
Whenever a gauge invariant operator M hits or appears to violate the unitarity bound R(M ) ≥ 2/3, M becomes a decoupled free field. This affects the a-maximization analysis by introducing an additive correction to the quantity a(R) to be maximized [14] (this can be derived from the presence of an accidental U (1) M symmetry, acting only on M [17] ):
This correction can also be included in the a-maximization analysis with Lagrange multipliers [13] , but it becomes unwieldy to do so when there are many such contributions from operators that hit the unitarity bound, as is the case in our examples for general values of the numbers of flavors and colors. For this reason, we will here do the a-maximization analysis at the RG fixed point, numerically, with the constraints implemented at the outset rather than via Lagrange multipliers.
We consider the example (1.1) in the range of the parameters (1.18) where it's possible to have the RG fixed point like (C) in fig. 1 , with both groups interacting. For asymptotic freedom of g = g ′ = 0 in the UV, and to avoid having it be attractive in the IR, we take 3x − x ′ − 1 > 0, and 3x
We also impose the condition (1.9), which is 
If either inequality of (2.6) is not satisfied, one or the other group is driven IR free, to RG fixed point (A) or (B), with anomalous dimensions and R-charges given by (1.10) or (1.11).
When both (2.6) are satisfied, RG flows generally end up with both couplings interacting, which can end up being a RG fixed point (C), where (1.12) is satisfied. As mentioned in the introduction, we do not impose the naive conditions (1.13) to avoid IR free magnetic dual groups: as we'll see in sect. 4, the conditions (1.13) are generally dramatically modified by the dynamics of the other gauge group.
As always, the conditions in (1.12) for the exact beta functions to vanish are equivalent to requiring that the superconformal U (1) R have vanishing ABJ anomalies with respect to all of the interacting gauge groups. So at (C) we have the two anomaly free conditions
we can solve for R(X) and R(Q ′ ) in terms of y ≡ R(Q)
where the parameters (x, x ′ , n) of the theory are the ratios (1.18). We determine the superconformal R-charge y(x, x ′ , n) by a-maximization (in the single variable y).
Imposing (2.8), we compute a trial (R) = 3TrR 3 − TrR from the spectrum (1.1) to be
We then compute the superconformal R-charges by locally maximizing (2.9) w.r.t. y, for
general fixed values of the parameters (x, x ′ , n); we'll denote the solution as
The superscript (0) is a reminder that these results are valid only in the range of (x, x ′ , n)
in which no gauge invariant operators have hit the unitarity bound; otherwise (2.9) will require corrections as in (2.3) . Within this range of (x, x ′ , n), we can also use the Lagrange multiplier approach. Imposing (2.7) with Lagrange multipliers yields the simple expressions (1.17), which can be interpreted as the running R-charges along the RG flow, coinciding with the R-charges obtained above from y (0) (x, x ′ , n) at the RG fixed point.
The first gauge invariant, chiral, composite operators O to hit the unitarity bound
M hits the unitarity bound when y(x, x ′ , n) ≤ 1/3; using (1.6), this happens when Q has the large, negative anomalous dimension, γ Q (x, x ′ , n) < −1, which can only happen if (x, x ′ , n) are such that the RG fixed point values of the gauge couplings are large. The above result
within the range of (x, x ′ , n) where neither M or M ′ have hit their unitarity bound, i.e. the range of (x, x ′ , n) where
Outside of this range, the above a-maximization analysis has to be supplemented, as in (2.3), to account for the accidental symmetries associated with operators hitting the unitarity bound and becoming free fields.
For general (x, x ′ , n) the gauge operators that will hit the unitarity bound are:
(2.10)
We verified that it's self-consistent to assume that the baryon operators do not hit the unitarity bound; also, gauge invariants without fundamentals, such as Tr(X X) j , contribute negligibly in the large N limit. The quantity to maximize in general is then
where p denotes {p P , p M , p M ′ }, with p P = p P the number of P (and also P type) mesons which have hit the unitarity bound. The quantities such as R(M j ) in (2.11) are given by
, with R(X) given by (2.8); so the corrections in (2.11) are complicated functions of the variable y that we're maximizing with respect to, along with the parameters (x, x ′ , n). Maximizing (2.11) yields y (p) (x, x ′ , n), and y(x, x ′ , n) is obtained by pasting these together, with the appropriate values of p depending on (x, x ′ , n), increasing e.g. p M every time another value of j is obtained such that R(M j ) hits 2/3. We numerically implemented this process to obtain y(x, x ′ , n), but it's difficult to produce an illuminating plot of a function of three variables.
Let us discuss some qualitative aspects of our results. From y(x, x ′ , n) we can compute the anomalous dimensions γ Q , γ X , and γ Q ′ , using (1.6), and we find that all are negative within the range (2.6) where the RG fixed point (C) can exist. This is to be expected, since our theory (1.1) has only gauge interactions, and no superpotential (gauge interactions yield negative anomalous dimension, and superpotentials yield positive contributions to the anomalous dimensions). When either inequality (2.6) is violated, the theory flows not to (C), but rather to RG fixed points (A) or (B), as in fig. 2 and the above a-maximization analysis, which assumed in (2.7) that both groups are interacting, is inapplicable. At the boundaries of (2.6), where either inequality is saturated, our a-maximization results properly reduce to (1.10) or (1.11).
It is interesting to note that there is a 1d slice of the (x, x ′ , n) parameter space, given by x = x ′ and n = 1, for which the a-maximization analysis of this theory coincides with that of [14] for SU (N c ) SQCD with N f fundamentals and an added adjoint. In this slice, for every contribution to the quantity a trial to maximize in [14] , we have here two analogous matter fields in the spectrum of our theory, with the same R-charges: twice as many gauge fields, twice as many fundamentals (Q and Q ′ and conjugate), the X and X fields contribute as two adjoints (using (2.8) for x = x ′ and n = 1), and all the mesons (2.10) hitting the unitarity bound map to two copies of the mesons hitting the unitarity bound in [14] . Thus, for x = x ′ and n = 1, (2.11) is exactly twice the expression obtained in [14] for the theory considered there. Since a trial is the same function of y, up to a factor of 2, it is maximized by the same solution y KP S (x) obtained by the analysis of [14] . So the superconformal R-charges of our theory (
For x ≈ x ′ taken to be very large, i.e. N c ≈ N ′ c ≫ N f , the superconformal R-charge of the field X goes to zero, R(X) → 0, for arbitrary fixed values of n ≡ N ′ f /N f , as seen from (2.8), and the fact that y remains finite in this limit. The asymptotic value y as (n) in this x = x ′ → ∞ limit is determined by our numerical a-maximization analysis, but it can also be approximated analytically. Because many mesons contribute to the sums (2.11), the sums can be approximated as integrals (following [14] ):
where α and β are defined by R j ≡ α + (j − 1)β (and u ≡ 2 − 3R j ). The upper limit p in the sum is solved for by setting R p = α + (p − 1)β equal to 2/3. Applying (2.12) to the sums in (2.11), β = R(X X) = 2R(X) for all three, and for the first sum in (2.11)
, while for the second and third α = 2y and α = 2R(Q ′ )
respectively; here, R(X) and R(Q ′ ) are to be written in terms of the variable y and the parameters (x, x ′ , n) using (2.8).
Setting x = x ′ and taking both large, (2.11) then becomes
The first line of (2.13) is the large x = x ′ limit of (2.9), and the second line contains the meson sums of (2.11), evaluated using (2.12). Note that every term in (2.13) is linear 2 in
x in this limit, so maximizing (2.13) w.r.t. y yields an asymptotic value, y as (n), that's independent of x in this limit of large x = x ′ . This asymptotic value depends on n ≡ N ′ f /N f , and the conditions (2.6) needed for neither gauge coupling to drive the other to be IR free here require n to lie in the range
As expected from the discussion above, for n = 1 (2.13) reduces to twice the expression obtained in the large x analysis of [14] , and for n = 1 our expression for y as (n) coincides with the asymptotic large x value of y obtained there:
The asymptotic value y as (n) will be used in the next section to find the minimal value of x ≈ x ′ needed for the superpotential ∆W A 2k+1 ≡ Tr(X X) k+1 to be a relevant deformation of RG fixed point (C) in the limit of large k. This gives one side of the superconformal window for the duality of [5] (see fig. 7 ). We have also checked, including away from the strict x = x ′ limit, that R(X) is nowhere negative, i.e. using (2.8) that the 2 The fact that the expression in (2.13) grows for large x only linearly is a check of the conjectured a-theorem. Any greater exponent would've led to a-theorem violations, e.g. along a Higgs flat direction where X X gets an expectation value, Higgsing each SU (N c ) gauge group factor to products of similar factors. This flat direction is analogous to that considered in a nontrivial check of the a-theorem in [14] (where it's also pointed out that the sub-leading constant term must be -and indeed is -negative for the a-theorem to hold for this Higgs RG flow).
a-maximizing solution y(x, x ′ , n) satisfies 1 − y(x, x ′ , n) + x ′ − x > 0. This is important for the self-consistency of our analysis since, if R(X) were negative, baryonic operators, formed by dressing the quarks with many powers of X X, would hit the unitarity bound and lead to additional contributions analogous to (2.3).
3. The theory with W A 2k+1 = Tr(X X) k+1 and its dual
In [5] it was proposed that our theory (1.1), together with a superpotential W A 2k+1 = Tr(X X) k+1 has a dual given by a similar theory: 1) where
There are also singlets P j , for j = 1 . . . k, and M j and M ′ j for j = 1 . . . k + 1, with superpotential
The first term is the dual analog of the W A 2k+1 superpotential, and the remaining terms are analogs of the Msuperpotential in Seiberg duality [1] .
The duality is useful within a superconformal window, which is the range of the parameters (x, x ′ , n), where the superpotential W A 2k+1 and its dual analog in (3.2) are both relevant in controlling the IR dynamics, i.e. when the following conditions are satisfied: is the "stability bound," needed for the RG fixed point to exist (and for the dual groups superpotential dynamically generates a superpotential, spoiling conformal invariance.
Using the results of the previous subsection, we can now determine the range of (x, x ′ , n) in which condition (3.3) is satisfied, for Tr(X X) k+1 to be relevant. The k = 0 case is a mass term and (3.3) is then always satisfied (starting with W = 0 at (C), all fields have R ≤ 2/3). For all k > 1, (3.3) is only satisfied in subspaces of the (x, x ′ , n)
parameter space for which the RG fixed point is at sufficiently strong enough coupling to
give X a sufficiently negative anomalous dimension. The larger k is, the more strongly coupled the RG fixed point must be in order to have (3.3) be satisfied. For arbitrarily large k, there's a non-empty range of (x, x ′ , n) in which (3.3) is satisfied: as we saw in the previous subsection, R(X) → 0 in parts of the parameter space. Let's consider, for example, the parameter slice x = x ′ and ask when (3.3) is satisfied for large values of k.
Since satisfying (3.3) for large k requires large x, we can replace y(x, x ′ , n) in (3.3) with the asymptotic value y as (n) obtained by maximizing (2.13). Then the condition (3.3) for the superpotential to be relevant becomes
The above analysis of the electric theory gives one edge of the superconformal window of the parameters (x, x ′ , n) for the duality of [5] . The other edge of the window is obtained by determining the range of these parameters in which (3.4) is satisfied, for the W A 2k+1
superpotential to be relevant in the magnetic theory. Again, we simplify the analysis by taking the numbers of flavors and colors in the electric theory to be large, so the same is true in the magnetic theory. The ratios on the magnetic side are defined to bex
, which are related to the electric ones (1.18) as
In the magnetic theory (3.1), we assume that both magnetic gauge groups remain interacting. The superconformal R-charge is constrained by the magnetic analog of (2.7), that it be anomaly free w.r.t. both gauge groups. As in (2.8), we can use this to solve for
The contribution to the magnetic a trial from the fields in (3.1) is
To this we must add the contributions from the singlets
Each of these fields couples only via a superpotential term in (3.2) and, initially taking that singlet's R-charge to be 2/3, that superpotential term may be relevant or irrelevant in the IR. If it's relevant, then the singlet's R-charge is determined by the requirement that the superpotential term have R = 2 total in the IR. If it's irrelevant, the singlet is a free field, with R = 2/3. If we assume that the last p P P j 's (and P j 's), the last p M M j 's, and the last p M ′ M ′ j 's are interacting, then the quantity to maximize is
where we define
The additional terms in (3.10) are the contributions from the singlets (see sect. 6 of [17] for a detailed discussion of an analogous example). The full solutionỹ(x,x ′ ,ñ) is obtained by patching together the maximizing solutions of (3.10) with the appropriate values of p M , p M ′ , and p P , depending on (x,x ′ ,ñ), given by the largest integer j's such that the α j in (3.11) satisfy α j ≤ 4/3 (where the corresponding superpotential term becomes irrelevant).
For any given value of k, we can use the numerical a-maximization analysis to determine the range of ( x, x ′ , n), and thus the range of electric parameters (x, x ′ , n), in which the condition (3.4) for ∆W = Tr(Y Y ) k+1 to be relevant is satisfied. Using (3.7), we'll express this in terms of the electric parameters (x, x ′ , n). To be concrete, let us consider the limit of large k. The condition (3.3) on the electric side gave the inequality (3.6), which
shows that x ≈ x ′ must get large, linearly in k, in the large k limit, while n is restricted to the range (2.14). Then (3.7) givesx ≈x ′ ≈ k(1 + n −1 ) − xn −1 , and the condition (3.4)
will requirex to also be large. In this limit of largex ≈x ′ , (3.11) becomes
(3.12)
The first two terms are the largex ≈x ′ limit of (3.9), and the rest are the remaining terms in (3.10), with sums evaluated using (2.12) (modifying the lower limit of the integral (2.12)
to be 2 − 3R = −2, rather than 0, since α j = 4/3 is the limit where the superpotential term becomes irrelevant). Maximizing (3.12) with respect to y gives y as (ñ).
The condition (3.4) for Tr(Y Y ) k+1 to be relevant can then be written for k ≫ 1 as
Rearranging and combining with (3.6), the electric and magnetic conditions (3.3) and (3.4) can be written together for k ≫ 1 as
For the duality (3.1) of [5] to be useful, and the superconformal window be non-empty, the inequalities at the two ends of (3.14) had better be compatible with each other. This is verified to indeed be the case, as seen in the plots in fig. 7 , for the entire allowed range (2.14) of n. The vertical axis of fig. 7 gives the allowed values of x/k, for a given value of n, and the superconformal window is the region between the lower two curves on fig. 7 .
There is also the stability bound conditions (3.5), which in our k ≫ 1 limit, with x ≈ x ′ scaling linearly in k, can both be written as x/k < 1+n. In the plot of fig. 7 , the upper line is the stability bound, and the values of x/k in the superconformal window, between the lower two curves, is indeed always safely below the stability bound for the entire allowed range of n. All of these successes can be viewed as reassuring checks of the duality of [5] . For the case x = x ′ , n = 1, the conformal window plotted in fig. 7 coincides with that obtained in [14] for SQCD with an adjoint, for the reason discussed above.
Dualizing one gauge group
With product gauge groups, such as (1.1), we can consider dualizing one of the gauge groups, treating the other gauge group as a spectator. The validity of doing this deserves scrutiny, because duality is only exact at the IR fixed point. Dualizing away from the extreme IR can be potentially justified if the dualized group's dynamical scale is far above that of the other "spectator" group, Λ d ≫ Λ s (and then holomorphic quantities can be analytically continued in Λ d /Λ s ) or if one group gets strong while the other gets weak in the IR (as in string theory examples, see e.g. [23, 24] ). Gauging SU (N ′ c ) mag , with the subscript as a reminder that its spectrum now differs from that of (1.1), the dual is gauge group:
with the superpotential of [1] yielding
The one loop beta function coefficients of the electric theory (1.1) were 
where again f and f ′ are unimportant, positive, scheme dependent factors. The beta functions (4.5) can be written in the usual NSVZ form using (1.6), which gives fig. 2 rather than that of fig. 1 . In the electric description, the condition for the RG fixed point (C) to exist is (1.16). We will determine its analog in the magnetic theory (4.1), for ( C) to exist, by analyzing the IR stability of the RG fixed points ( A) and ( B) to small non-zero perturbations in the couplings that are set to zero in (4.7) and (4.8), in analogy with fig. 5 . We will find that, for a particular range of flavors and colors, the theory (4.1) with superpotential (4.2) realizes the RG flow depicted in fig. 3 : even if the one-loop beta function might suggest that SU ( N c ) is IR free, it can be driven to be interacting by the interactions of the other gauge group and the superpotential. Either way, the result is: 2 R| A . The RG fixed point ( A) of the dual theory is thus IR stable if precisely the same inequality (1.14) found in the electric description holds. So our first necessary condition for RG fixed point ( C) to exist, at least within the domain of attraction of the UV fixed point at zero couplings, is that the opposite inequality of (1.14) should hold, 10) to have ( A) be IR repulsive. It is satisfying to see that the magnetic ( A) RG fixed point is IR repulsive precisely when the electric RG fixed point (A) is. It is hard to imagine how it could have been otherwise, given that the RG fixed points (A) and ( A) are identified.
4.2.
The RG fixed point ( B) and its IR stability to g mag perturbations.
This case is considerably more difficult than that of the previous subsection, as amaximization is needed to determine the superconformal R-charges at RG fixed point ( B).
Notice that, with the SU ( N c ) gauge coupling set to zero at ( B), the SU (N ′ c ) mag spectrum in (4.1) is the same as that analyzed in [14] : SQCD with an additional adjoint. But here the a-maximization analysis is further complicated by the presence of the superpotential in (4.1), which couples some of the SU (N ′ c ) mag fundamentals Y to the adjoint Φ, and also to fundamentals F ′ and SU (N ′ c ) mag singlets q. Rather than maximizing a trial as a function of one variable, y, depending on one parameter, x, as in [14] , we'll have here to maximize a trial as function of two variables, R(Q ′ ) ≡ u and R(Φ) ≡ v, depending on the three parameters (x, x ′ , n) of (1.18).
Let's consider the constraints on the superconformal U (1) R at ( B). Having
The superpotential terms (4.2) further impose
Note that the first term in the superpotential (4.2) is irrelevant for g mag = 0, since none of its fields are charged under SU (N ′ c ), so M is a free field, with R(M ) = 2/3. The constraints (4.11) and (4.12) are three constraints on five R-charges; they can be solved for
with R(Q ′ ) ≡ u, R(Φ) ≡ v, and (x, x ′ , n) defined as in (1.18). a-maximization w.r.t. u and v is needed to determine the values of u(x, x ′ , n) and v(x, x ′ , n).
Once we've determined the superconformal R-charges at ( B), we can determine whether or not ( B) is stable to non-zero g mag perturbations. We see from β g mag in (4.5) that g mag is a relevant perturbation of (
This condition, together with (4.10), are the necessary conditions for RG fixed point ( C)
to exist (at least within the domain of attraction of zero couplings). If the inequality in is a check of the a-theorem conjecture, since there's a Higgsing RG flow analogous to that of [14] which would violate the a-theorem with any higher degree.) To study the limit of large x, we can thus scale λ → ∞, keeping only the terms of degree one in λ.
In this scaling limit,
while R(Q ′ ) ≡ u, R(q), and R(F ′ ) asymptote to some finite values that are determined by a-maximization. The a-maximization answer for these quantities, in our limit of large
x and x ′ , can also be obtained by borrowing the a-maximization results of [14] . The idea is that the SU (N ′ c ) mag gauge coupling at ( B) is very strong for large x and x ′ , and the SU (N ′ c ) mag matter content that it couples to coincides with that of [14] , and adjoint and fundamentals. The theory at ( B) differs from that of [14] only because of the superpotential interactions (4.2). If not for the superpotential interactions, the a-maximization result of At ( C), the six independent superconformal R-charges, on the six lines of (4.1), are subject to five constraints: for vanishing β g mag and β g ′ mag , we require (4.9),
2 mag R| C = 0, along with three more constraints from requiring that the superpotential terms (4.2) all have total R(W ) = 2. (All terms in (4.2) are relevant deformations of the W = 0 theory when g mag * and g ′ mag * are both non-zero.) There is thus a one-variable family of R-charges, as for the electric RG fixed point (C).
These constraints are compatible with the duality map identification of the fields F ′ , M , and Φ in (4.1): the R-charges of the dual theory (4.1) can be related to those of the original electric theory (1.1), with R(Q) ≡ y as before, by
with R(X) and R(Q ′ ) given by (2.8) in terms of the variable y and parameters (x, x ′ , n).
We compute the same function a (0) trial = 3TrR 3 − TrR to maximize w.r.t. y as in the electric theory (2.9), as expected from the 't Hooft anomaly matching for the global flavor symmetries in Seiberg duality [1] . Compatible with our claim that the electric RG fixed point (C) is equivalent to the dual one ( C), there is a one-to-one mapping of the operators that have hit the unitarity bound. Corresponding to the operators (2.10) we have
So, even including the contributions of the operators hitting their unitarity bound, we find the same a trial function of y and (x, x ′ , n) to maximize w.r.t. y, and hence the same superconformal R-charges are given by (4.18) with y(x, x ′ , n) the same superconformal R-charge as obtained by analyzing the electric theory (1.1).
Conclusions and Comments
A general potential pitfall in applying a-maximization is that one must really have the full symmetry group under control, including all accidental symmetries, to obtain correct results. Overlooking some symmetries will lead to a value of the central charge a SCF T that is too low. Seiberg duality [1] shows that there can be highly non-obvious accidental symmetries, such as those acting on the free magnetic SU (N f − N c ) quarks and gluons when N f < 3 2 N c . More generally, without knowing the dual, we do not presently have a way to look for such accidental symmetries, which do not act on any of the "obvious" gauge invariant operators of the theory.
Ignoring the interplay of the two gauge couplings, the superconformal window of [1] for each gauge group in (1.1) separately is
These are the conditions for points (A) and (B) to be interacting SCFTs, respectively. The upper limits are needed for the electric coupling to not be driven to zero in the IR, and the lower limits are for the couplings of the dual [1] to not be driven to zero in the IR.
Accounting for the g and g ′ interplay, the conditions for point (C) to exist as a fully interacting SCFT differ from (5.1). The upper limits of (5.1) should be replaced with the conditions (1.16), for neither electric gauge coupling to be driven to zero in the IR.
Similarly, the duality of sect. 4 (assuming its validity) shows how the lower limits of (5.1) are modified, in order for neither magnetic gauge coupling to be driven to zero in the IR. , the magnetic duals remain fully interacting. As we noted, for x = x ′ and n = 1, the a-maximization analysis of our product group example (1.1) coincides with that in [14] for SU (N c ) with an adjoint and N f fundamentals. In the analysis of [14] of that latter theory, it was assumed that the only accidental symmetries are the obvious ones, associated with gauge invariant operators hitting the unitarity bound. But, as in the example of [19] , there's a possibility of a non-obvious accidental symmetry, associated with a free-magnetic gauge group in a deconfining dual.
The idea of the deconfining dual [25] is that the dual k ≈ 0.3780k [14] .
The A k theory has dual description [27, 28, 29] 
The analysis of the dual theory is similar to that of the electric theory, with x → x = N c /N f = k −x, though the specifics are not identical, because of the effect of the additional gauge singlets M j and superpotential terms in (A.2). We refer the reader to [14] , for the details of the a-maximizing y( x) in the magnetic theory. The qualitative result is that y( x) drops to zero a little faster on the magnetic side than the electric y(x), so the TrY are manifest in one of the dual descriptions but not in the other so, without accounting for these accidental symmetries, the central charge as computed by a-maximization for the electric and magnetic theories can appear to differ [14] . The larger of a elec or a mag is the correct one -it's larger because of maximizing a trial over R-symmetries that can mix with the additional, accidental flavor symmetries.
A.2. Some immediate generalizations, with other groups and matter content
Many analogs of the duality of [27, 28, 29] were soon given in [30, 31, 5] , all for theories with W A k type LG superpotential. Without the LG superpotential, those theories are expected to flow to other SCFTs, which can now be analyzed via a-maximization. Doing so determines when the W A k superpotential is relevant. Doing a similar a-maximization analysis of the duals of [30, 31, 5] determines when the dual A k LG superpotentials are relevant. Combining the two bounds, as in the analysis of [14] , reviewed in the last section, determines the superconformal window for where the duals of [30, 31, 5] are useful. In particular, we can verify that the superconformal window is non-empty for all k.
As in the analysis of [14] , it is most convenient to consider the limit N c ≫ 1, N f ≫ 1, holding x ≡ N c /N f fixed. However, as we'll now explain, the a-maximization analysis of all of the examples of [30, 31, 5] involving a single gauge group becomes simply identical to that of [14] theory for W tree = 0, and thereby determine when the various terms in the superpotential appearing in the duality of [5] are relevant. In particular, we can determine x min A k , the lower bound on x ≡ N c /N f in order for the superpotential W A k to be relevant. As on the electric side, in the limit of large N c and N f , the a-maximization analysis becomes identical to that of [14] for the magnetic dual of the adjoint theory with superpotential W A k : the above N c becomes N c ≈ kN f − N c , as in the adjoint theory, and every term in the a-maximization analysis here maps to a corresponding term there. In this limit, the values here of the x min A k are the same as those obtained in [14] for the adjoint theory.
Thus, at least in the N c ≫ 1 and N f ≫ 1 limit, all of the above theories have exactly the same superconformal window as obtained in [14] for the SU (N c ) theory with adjoint.
We also note that all of the other theories in [5] , with product gauge groups, also have the same superconformal window range of x, as long as we take all the groups to have the same (large) rank, and take all to have the same (large) number of fundamental flavors.
This generalizes our observation of Sect. 2, that the SU (N c ) × SU (N ′ c ) theory gives the superconformal window obtained in [14] for the slice of parameter space N c = N of [14] , a trial (y, x) = 2a KP S (y, x) (even including the contributions of the gauge invariant operators that hit the unitarity bound). This is because there is a correspondence in this limit between every field, with the same R-charges and twice as many copies for the SU × SO × SO theory of [5] as compared with that of [14] . Since a trial = 2a KP S , it is maximized by the same function, y = y KP S (x). The anomalous dimensions are thus the same of those in [14] for this parameter slice. There is an analogous equality, up to the same factor of 2, between the function a trial for the magnetic duals. It thus follows that the duality of [5] for this product group has a non-empty superconformal window, which reduces to the x interval of [14] in this 1d subspace of the full parameter space of flavors and colors. Likewise, all the dualities of [5] have a non-empty superconformal window, for any k, which reduces to the x interval of [14] in a 1d subspace of the full parameter space of flavors and colors.
